
Bayesian Dynamic 
Modeling and Forecasting 

of Count Time Series
Lindsay Berry 

Berry Consultants 

JSM 2020 

August 3, 2020



Background

• Forecast time series of non-negative counts

• Broad purview: general framework for count data

• Automation: models flexible and adaptive

• Many series with hierarchical structure

• Joint forecast: multi-step ahead (1:14 days)

• Computational feasibility: on-line estimation

• Forecasts feed into many decisions
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[ Dr P Helman Duke presentation 2016 ] 



Varying demand
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Item Mean Mean | Sale Var % = 0
1 9.18 9.31 27.88 0.01
8 1.74 3.86 13.25 0.55
14 0.77 1.87 1.42 0.59
20 0.09 1.47 0.22 0.94

<latexit sha1_base64="Hwl8i9Q8SOTz8vr9H75Jve3jvlg="></latexit>



Contributions
• Flexible dynamic models of counts

• Built from traditional Bayesian forecasting contexts

• Coupled binary/non-negative integer models

• Multi-scale extension: scalable, decouple/recouple

• Cascade and random effect: heterogeneity, rare events


• Decision analysis: loss functions, optimal forecasts


• Consumer sales forecasting 
• Multi-scale model beneficial for many items, forecast 

horizons, and metrics

• DBCM: large-scale reduction in key error metrics

• Probabilistic forecasting: uncertainty, decision making
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Dynamic Count Mixture 
Model (DCMM)

yt : non-negative count

zt = I(yt > 0)

[Berry and West (2018)] 

zt ⇠ Ber(⇡t)

yt | zt =
(
0, if zt = 0

1 + xt, xt ⇠ Po(µt), if zt = 1
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DGLMs:
Random effect 

extension
+ �t

<latexit sha1_base64="bmOMplPygH+IAI0L1a57V1VEQ1s=">AAACIHicbVBLSgNBFOzxG+Mv6tJNYxAEQ5gRQVcScOMygvlAJoSenpekSc+H7jdiGHIAr+EF3OoN3IlLPYDnsGeShSYWNBT16tVryoul0Gjbn9bS8srq2npho7i5tb2zW9rbb+ooURwaPJKRantMgxQhNFCghHasgAWehJY3us7mrXtQWkThHY5j6AZsEIq+4AyN1CuVT6lbcSvURXjAPC71ZAKT1JUmxGc9nBSNy67aOegicWakTGao90rfrh/xJIAQuWRadxw7xm7KFAouYVJ0Ew0x4yM2gI6hIQtAd9P8+oQeG8Wn/UiZFyLN1d8bKQu0HgeecQYMh3p+lon/znydBc5dx/5lNxVhnCCEfHq8n0iKEc3aor5QwFGODWFcCfN/yodMMY6m06wYZ76GRdI8qzp21bk9L9euZhUVyCE5IifEIRekRm5InTQIJ4/kmbyQV+vJerPerY+pdcma7RyQP7C+fgA0NKNv</latexit><latexit sha1_base64="bmOMplPygH+IAI0L1a57V1VEQ1s=">AAACIHicbVBLSgNBFOzxG+Mv6tJNYxAEQ5gRQVcScOMygvlAJoSenpekSc+H7jdiGHIAr+EF3OoN3IlLPYDnsGeShSYWNBT16tVryoul0Gjbn9bS8srq2npho7i5tb2zW9rbb+ooURwaPJKRantMgxQhNFCghHasgAWehJY3us7mrXtQWkThHY5j6AZsEIq+4AyN1CuVT6lbcSvURXjAPC71ZAKT1JUmxGc9nBSNy67aOegicWakTGao90rfrh/xJIAQuWRadxw7xm7KFAouYVJ0Ew0x4yM2gI6hIQtAd9P8+oQeG8Wn/UiZFyLN1d8bKQu0HgeecQYMh3p+lon/znydBc5dx/5lNxVhnCCEfHq8n0iKEc3aor5QwFGODWFcCfN/yodMMY6m06wYZ76GRdI8qzp21bk9L9euZhUVyCE5IifEIRekRm5InTQIJ4/kmbyQV+vJerPerY+pdcma7RyQP7C+fgA0NKNv</latexit><latexit sha1_base64="bmOMplPygH+IAI0L1a57V1VEQ1s=">AAACIHicbVBLSgNBFOzxG+Mv6tJNYxAEQ5gRQVcScOMygvlAJoSenpekSc+H7jdiGHIAr+EF3OoN3IlLPYDnsGeShSYWNBT16tVryoul0Gjbn9bS8srq2npho7i5tb2zW9rbb+ooURwaPJKRantMgxQhNFCghHasgAWehJY3us7mrXtQWkThHY5j6AZsEIq+4AyN1CuVT6lbcSvURXjAPC71ZAKT1JUmxGc9nBSNy67aOegicWakTGao90rfrh/xJIAQuWRadxw7xm7KFAouYVJ0Ew0x4yM2gI6hIQtAd9P8+oQeG8Wn/UiZFyLN1d8bKQu0HgeecQYMh3p+lon/znydBc5dx/5lNxVhnCCEfHq8n0iKEc3aor5QwFGODWFcCfN/yodMMY6m06wYZ76GRdI8qzp21bk9L9euZhUVyCE5IifEIRekRm5InTQIJ4/kmbyQV+vJerPerY+pdcma7RyQP7C+fgA0NKNv</latexit><latexit sha1_base64="bmOMplPygH+IAI0L1a57V1VEQ1s=">AAACIHicbVBLSgNBFOzxG+Mv6tJNYxAEQ5gRQVcScOMygvlAJoSenpekSc+H7jdiGHIAr+EF3OoN3IlLPYDnsGeShSYWNBT16tVryoul0Gjbn9bS8srq2npho7i5tb2zW9rbb+ooURwaPJKRantMgxQhNFCghHasgAWehJY3us7mrXtQWkThHY5j6AZsEIq+4AyN1CuVT6lbcSvURXjAPC71ZAKT1JUmxGc9nBSNy67aOegicWakTGao90rfrh/xJIAQuWRadxw7xm7KFAouYVJ0Ew0x4yM2gI6hIQtAd9P8+oQeG8Wn/UiZFyLN1d8bKQu0HgeecQYMh3p+lon/znydBc5dx/5lNxVhnCCEfHq8n0iKEc3aor5QwFGODWFcCfN/yodMMY6m06wYZ76GRdI8qzp21bk9L9euZhUVyCE5IifEIRekRm5InTQIJ4/kmbyQV+vJerPerY+pdcma7RyQP7C+fgA0NKNv</latexit>

logit(⇡t) = F0
t⇠t

log(µt) = F+
t ✓t
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p(yt+k | Dt,⇡t+k) = (1� ⇡t+k)�0(yt+k) + ⇡t+k

n
Nb

⇣
↵+
t (k),

�+
t (k)

1 + �+
t (k)

⌘
+ 1

o

(⇡t+k | Dt) ⇠ B(↵0
t (k),�

0
t (k))
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Count forecast evaluation
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• Traditional point forecast metrics: RMSE, MAD, MAPE


• Possibly undefined/infinite/misleading for low counts


• Full predictive distribution rather than point forecasts


• Probabilistic evaluation: Calibration, coverage


• 1:14 day forecasting: cumulative forecasts


• Decision analysis: 


• Rationalize accuracy metrics in specific context


• Asymmetries, tail events


• Stock-outs vs overstocking



Binary calibration: Predicting zero/non-zero
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Probabilistic calibration and random effects
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rPIT: Randomized 
probability integral 
transform: 
• ordered predictive 

CDF values

• good model: 

“looks uniform” 

• reveals areas of 

forecast deficiency
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uncertainty: 


• Central intervals 
• HPD regions



Multi-scale forecasting
• Improve item-level forecasting through improved prediction of 

aggregate daily effects (“traffic” proxy)

• Borrow strength on shared patterns

• Maintain efficiency/scalability

• Avoid MCMC/SMC

• Decouple: univariate DCMMs

• Recouple: direct simulation

• “Common” latent factor from external model

• Series-specific adjustment of common factors

 

All pasta 

Pasta 
type 

Item 
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DCMM multi-scale framework

Mi : ✓i,t =

✓
�i,t

�i,t

◆
, Fi,t =

✓
fi,t
�t

◆
, i = 1, . . . , N

<latexit sha1_base64="OMV+fq2St3K1iDWPEP6apZpVAi4="></latexit><latexit sha1_base64="OMV+fq2St3K1iDWPEP6apZpVAi4="></latexit><latexit sha1_base64="OMV+fq2St3K1iDWPEP6apZpVAi4="></latexit><latexit sha1_base64="OMV+fq2St3K1iDWPEP6apZpVAi4="></latexit>

�i,t = �0
i,tfi,t + �0

i,t�t
<latexit sha1_base64="73WT6SFtzOAynynz3NzyufznVaQ="></latexit><latexit sha1_base64="73WT6SFtzOAynynz3NzyufznVaQ="></latexit><latexit sha1_base64="73WT6SFtzOAynynz3NzyufznVaQ="></latexit><latexit sha1_base64="73WT6SFtzOAynynz3NzyufznVaQ="></latexit>

M0 : external DLM depending on �t
<latexit sha1_base64="IhndxmOJdE6AGmpMZVPpWD4un/c="></latexit><latexit sha1_base64="IhndxmOJdE6AGmpMZVPpWD4un/c="></latexit><latexit sha1_base64="IhndxmOJdE6AGmpMZVPpWD4un/c="></latexit><latexit sha1_base64="IhndxmOJdE6AGmpMZVPpWD4un/c="></latexit>

• Simulation enables fully probabilistic use of external information
<latexit sha1_base64="a8Nw5Mnq8VrJ5zknWsYLKe/N1eo="></latexit><latexit sha1_base64="a8Nw5Mnq8VrJ5zknWsYLKe/N1eo="></latexit><latexit sha1_base64="a8Nw5Mnq8VrJ5zknWsYLKe/N1eo="></latexit><latexit sha1_base64="a8Nw5Mnq8VrJ5zknWsYLKe/N1eo="></latexit>

• Example M0: log-normal DLM of aggregate sales
<latexit sha1_base64="FgH6Ylh5zXbBYjYoj3svilGQmSI="></latexit><latexit sha1_base64="FgH6Ylh5zXbBYjYoj3svilGQmSI="></latexit><latexit sha1_base64="FgH6Ylh5zXbBYjYoj3svilGQmSI="></latexit><latexit sha1_base64="FgH6Ylh5zXbBYjYoj3svilGQmSI="></latexit>

• Parallel analysis of item-level DCMMs
<latexit sha1_base64="zvKS+skNiL0Hkmjbq9B2kKk4nGc="></latexit><latexit sha1_base64="zvKS+skNiL0Hkmjbq9B2kKk4nGc="></latexit><latexit sha1_base64="zvKS+skNiL0Hkmjbq9B2kKk4nGc="></latexit><latexit sha1_base64="zvKS+skNiL0Hkmjbq9B2kKk4nGc="></latexit>

11

yi,t : set of N series

Mi : individual DCMMs

�t : latent factor (ex: seasonal, brand e↵ect)

<latexit sha1_base64="ZVyKb/aDPZ20A4W1kMtKU1KY99A="></latexit>
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Multi-scale framework: aggregate and items

M0
<latexit sha1_base64="3X1dfOyN1nHewkx2VGmGr4zQkuY=">AAACHHicbVDLSsNAFJ3UV62vqksXBovgqiQi6LLoxo1QwT6gDWEyuW2HTh7M3IglZOlv+ANu9Q/ciVvBH/A7nKRdaOuBC4dzX4fjxYIrtKwvo7S0vLK6Vl6vbGxube9Ud/faKkokgxaLRCS7HlUgeAgt5CigG0uggSeg442v8n7nHqTiUXiHkxicgA5DPuCMopbc6mEf4QGLO6knEsjSfkBxxKhIbzLXytxqzapbBcxFYs9IjczQdKvffT9iSQAhMkGV6tlWjE5KJXImIKv0EwUxZWM6hJ6mIQ1AOWlhIDOPteKbg0jqCtEs1N8bKQ2UmgSensxdqvleLv7b81V+cO47Di6clIdxghCy6fNBIkyMzDwp0+cSGIqJJpRJrv2bbEQlZajzrOhg7PkYFkn7tG5rfntWa1zOIiqTA3JETohNzkmDXJMmaRFGHskzeSGvxpPxZrwbH9PRkjHb2Sd/YHz+AIVbo0A=</latexit><latexit sha1_base64="3X1dfOyN1nHewkx2VGmGr4zQkuY=">AAACHHicbVDLSsNAFJ3UV62vqksXBovgqiQi6LLoxo1QwT6gDWEyuW2HTh7M3IglZOlv+ANu9Q/ciVvBH/A7nKRdaOuBC4dzX4fjxYIrtKwvo7S0vLK6Vl6vbGxube9Ud/faKkokgxaLRCS7HlUgeAgt5CigG0uggSeg442v8n7nHqTiUXiHkxicgA5DPuCMopbc6mEf4QGLO6knEsjSfkBxxKhIbzLXytxqzapbBcxFYs9IjczQdKvffT9iSQAhMkGV6tlWjE5KJXImIKv0EwUxZWM6hJ6mIQ1AOWlhIDOPteKbg0jqCtEs1N8bKQ2UmgSensxdqvleLv7b81V+cO47Di6clIdxghCy6fNBIkyMzDwp0+cSGIqJJpRJrv2bbEQlZajzrOhg7PkYFkn7tG5rfntWa1zOIiqTA3JETohNzkmDXJMmaRFGHskzeSGvxpPxZrwbH9PRkjHb2Sd/YHz+AIVbo0A=</latexit><latexit sha1_base64="3X1dfOyN1nHewkx2VGmGr4zQkuY=">AAACHHicbVDLSsNAFJ3UV62vqksXBovgqiQi6LLoxo1QwT6gDWEyuW2HTh7M3IglZOlv+ANu9Q/ciVvBH/A7nKRdaOuBC4dzX4fjxYIrtKwvo7S0vLK6Vl6vbGxube9Ud/faKkokgxaLRCS7HlUgeAgt5CigG0uggSeg442v8n7nHqTiUXiHkxicgA5DPuCMopbc6mEf4QGLO6knEsjSfkBxxKhIbzLXytxqzapbBcxFYs9IjczQdKvffT9iSQAhMkGV6tlWjE5KJXImIKv0EwUxZWM6hJ6mIQ1AOWlhIDOPteKbg0jqCtEs1N8bKQ2UmgSensxdqvleLv7b81V+cO47Di6clIdxghCy6fNBIkyMzDwp0+cSGIqJJpRJrv2bbEQlZajzrOhg7PkYFkn7tG5rfntWa1zOIiqTA3JETohNzkmDXJMmaRFGHskzeSGvxpPxZrwbH9PRkjHb2Sd/YHz+AIVbo0A=</latexit><latexit sha1_base64="3X1dfOyN1nHewkx2VGmGr4zQkuY=">AAACHHicbVDLSsNAFJ3UV62vqksXBovgqiQi6LLoxo1QwT6gDWEyuW2HTh7M3IglZOlv+ANu9Q/ciVvBH/A7nKRdaOuBC4dzX4fjxYIrtKwvo7S0vLK6Vl6vbGxube9Ud/faKkokgxaLRCS7HlUgeAgt5CigG0uggSeg442v8n7nHqTiUXiHkxicgA5DPuCMopbc6mEf4QGLO6knEsjSfkBxxKhIbzLXytxqzapbBcxFYs9IjczQdKvffT9iSQAhMkGV6tlWjE5KJXImIKv0EwUxZWM6hJ6mIQ1AOWlhIDOPteKbg0jqCtEs1N8bKQ2UmgSensxdqvleLv7b81V+cO47Di6clIdxghCy6fNBIkyMzDwp0+cSGIqJJpRJrv2bbEQlZajzrOhg7PkYFkn7tG5rfntWa1zOIiqTA3JETohNzkmDXJMmaRFGHskzeSGvxpPxZrwbH9PRkjHb2Sd/YHz+AIVbo0A=</latexit>

M1
<latexit sha1_base64="3l3nr9jyh+VC8PYQfNbImuttWSM=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLoxo1QwT6gKWUyvWmHTh7M3IglZOlv+ANu9Q/ciVvBH/A7nLRZaOuBC4dzX4fjxYIrtO0vo7S0vLK6Vl6vbGxube+Yu3stFSWSQZNFIpIdjyoQPIQmchTQiSXQwBPQ9sZXeb99D1LxKLzDSQy9gA5D7nNGUUt989BFeMDpndQTCWSpG1AcMSrSm6zvZH2zatfsKaxF4hSkSgo0+ua3O4hYEkCITFCluo4dYy+lEjkTkFXcREFM2ZgOoatpSANQvXRqILOOtTKw/EjqCtGaqr83UhooNQk8PZm7VPO9XPy3N1D5wbnv6F/0Uh7GCULIZs/9RFgYWXlS1oBLYCgmmlAmufZvsRGVlKHOs6KDceZjWCSt05qj+e1ZtX5ZRFQmB+SInBCHnJM6uSYN0iSMPJJn8kJejSfjzXg3PmajJaPY2Sd/YHz+AIb0o0E=</latexit><latexit sha1_base64="3l3nr9jyh+VC8PYQfNbImuttWSM=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLoxo1QwT6gKWUyvWmHTh7M3IglZOlv+ANu9Q/ciVvBH/A7nLRZaOuBC4dzX4fjxYIrtO0vo7S0vLK6Vl6vbGxube+Yu3stFSWSQZNFIpIdjyoQPIQmchTQiSXQwBPQ9sZXeb99D1LxKLzDSQy9gA5D7nNGUUt989BFeMDpndQTCWSpG1AcMSrSm6zvZH2zatfsKaxF4hSkSgo0+ua3O4hYEkCITFCluo4dYy+lEjkTkFXcREFM2ZgOoatpSANQvXRqILOOtTKw/EjqCtGaqr83UhooNQk8PZm7VPO9XPy3N1D5wbnv6F/0Uh7GCULIZs/9RFgYWXlS1oBLYCgmmlAmufZvsRGVlKHOs6KDceZjWCSt05qj+e1ZtX5ZRFQmB+SInBCHnJM6uSYN0iSMPJJn8kJejSfjzXg3PmajJaPY2Sd/YHz+AIb0o0E=</latexit><latexit sha1_base64="3l3nr9jyh+VC8PYQfNbImuttWSM=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLoxo1QwT6gKWUyvWmHTh7M3IglZOlv+ANu9Q/ciVvBH/A7nLRZaOuBC4dzX4fjxYIrtO0vo7S0vLK6Vl6vbGxube+Yu3stFSWSQZNFIpIdjyoQPIQmchTQiSXQwBPQ9sZXeb99D1LxKLzDSQy9gA5D7nNGUUt989BFeMDpndQTCWSpG1AcMSrSm6zvZH2zatfsKaxF4hSkSgo0+ua3O4hYEkCITFCluo4dYy+lEjkTkFXcREFM2ZgOoatpSANQvXRqILOOtTKw/EjqCtGaqr83UhooNQk8PZm7VPO9XPy3N1D5wbnv6F/0Uh7GCULIZs/9RFgYWXlS1oBLYCgmmlAmufZvsRGVlKHOs6KDceZjWCSt05qj+e1ZtX5ZRFQmB+SInBCHnJM6uSYN0iSMPJJn8kJejSfjzXg3PmajJaPY2Sd/YHz+AIb0o0E=</latexit><latexit sha1_base64="3l3nr9jyh+VC8PYQfNbImuttWSM=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLoxo1QwT6gKWUyvWmHTh7M3IglZOlv+ANu9Q/ciVvBH/A7nLRZaOuBC4dzX4fjxYIrtO0vo7S0vLK6Vl6vbGxube+Yu3stFSWSQZNFIpIdjyoQPIQmchTQiSXQwBPQ9sZXeb99D1LxKLzDSQy9gA5D7nNGUUt989BFeMDpndQTCWSpG1AcMSrSm6zvZH2zatfsKaxF4hSkSgo0+ua3O4hYEkCITFCluo4dYy+lEjkTkFXcREFM2ZgOoatpSANQvXRqILOOtTKw/EjqCtGaqr83UhooNQk8PZm7VPO9XPy3N1D5wbnv6F/0Uh7GCULIZs/9RFgYWXlS1oBLYCgmmlAmufZvsRGVlKHOs6KDceZjWCSt05qj+e1ZtX5ZRFQmB+SInBCHnJM6uSYN0iSMPJJn8kJejSfjzXg3PmajJaPY2Sd/YHz+AIb0o0E=</latexit>

M2
<latexit sha1_base64="5jAQ9UCxQr/rG/hTl0ARsQVOdcU=">AAACHHicbVDLSsNAFJ34rPUVdenCYBFclaQIuiy6cSNUsA9oS5hMbtuhkwczN2IJWfob/oBb/QN34lbwB/wOJ2kX2nrgwuHc1+F4seAKbfvLWFpeWV1bL22UN7e2d3bNvf2WihLJoMkiEcmORxUIHkITOQroxBJo4Aloe+OrvN++B6l4FN7hJIZ+QIchH3BGUUuuedRDeMDiTuqJBLK0F1AcMSrSm8ytZa5Zsat2AWuRODNSITM0XPO750csCSBEJqhSXceOsZ9SiZwJyMq9REFM2ZgOoatpSANQ/bQwkFknWvGtQSR1hWgV6u+NlAZKTQJPT+Yu1XwvF//t+So/OPcdBxf9lIdxghCy6fNBIiyMrDwpy+cSGIqJJpRJrv1bbEQlZajzLOtgnPkYFkmrVnU0vz2r1C9nEZXIITkmp8Qh56ROrkmDNAkjj+SZvJBX48l4M96Nj+nokjHbOSB/YHz+AIiNo0I=</latexit><latexit sha1_base64="5jAQ9UCxQr/rG/hTl0ARsQVOdcU=">AAACHHicbVDLSsNAFJ34rPUVdenCYBFclaQIuiy6cSNUsA9oS5hMbtuhkwczN2IJWfob/oBb/QN34lbwB/wOJ2kX2nrgwuHc1+F4seAKbfvLWFpeWV1bL22UN7e2d3bNvf2WihLJoMkiEcmORxUIHkITOQroxBJo4Aloe+OrvN++B6l4FN7hJIZ+QIchH3BGUUuuedRDeMDiTuqJBLK0F1AcMSrSm8ytZa5Zsat2AWuRODNSITM0XPO750csCSBEJqhSXceOsZ9SiZwJyMq9REFM2ZgOoatpSANQ/bQwkFknWvGtQSR1hWgV6u+NlAZKTQJPT+Yu1XwvF//t+So/OPcdBxf9lIdxghCy6fNBIiyMrDwpy+cSGIqJJpRJrv1bbEQlZajzLOtgnPkYFkmrVnU0vz2r1C9nEZXIITkmp8Qh56ROrkmDNAkjj+SZvJBX48l4M96Nj+nokjHbOSB/YHz+AIiNo0I=</latexit><latexit sha1_base64="5jAQ9UCxQr/rG/hTl0ARsQVOdcU=">AAACHHicbVDLSsNAFJ34rPUVdenCYBFclaQIuiy6cSNUsA9oS5hMbtuhkwczN2IJWfob/oBb/QN34lbwB/wOJ2kX2nrgwuHc1+F4seAKbfvLWFpeWV1bL22UN7e2d3bNvf2WihLJoMkiEcmORxUIHkITOQroxBJo4Aloe+OrvN++B6l4FN7hJIZ+QIchH3BGUUuuedRDeMDiTuqJBLK0F1AcMSrSm8ytZa5Zsat2AWuRODNSITM0XPO750csCSBEJqhSXceOsZ9SiZwJyMq9REFM2ZgOoatpSANQ/bQwkFknWvGtQSR1hWgV6u+NlAZKTQJPT+Yu1XwvF//t+So/OPcdBxf9lIdxghCy6fNBIiyMrDwpy+cSGIqJJpRJrv1bbEQlZajzLOtgnPkYFkmrVnU0vz2r1C9nEZXIITkmp8Qh56ROrkmDNAkjj+SZvJBX48l4M96Nj+nokjHbOSB/YHz+AIiNo0I=</latexit><latexit sha1_base64="5jAQ9UCxQr/rG/hTl0ARsQVOdcU=">AAACHHicbVDLSsNAFJ34rPUVdenCYBFclaQIuiy6cSNUsA9oS5hMbtuhkwczN2IJWfob/oBb/QN34lbwB/wOJ2kX2nrgwuHc1+F4seAKbfvLWFpeWV1bL22UN7e2d3bNvf2WihLJoMkiEcmORxUIHkITOQroxBJo4Aloe+OrvN++B6l4FN7hJIZ+QIchH3BGUUuuedRDeMDiTuqJBLK0F1AcMSrSm8ytZa5Zsat2AWuRODNSITM0XPO750csCSBEJqhSXceOsZ9SiZwJyMq9REFM2ZgOoatpSANQ/bQwkFknWvGtQSR1hWgV6u+NlAZKTQJPT+Yu1XwvF//t+So/OPcdBxf9lIdxghCy6fNBIiyMrDwpy+cSGIqJJpRJrv1bbEQlZajzLOtgnPkYFkmrVnU0vz2r1C9nEZXIITkmp8Qh56ROrkmDNAkjj+SZvJBX48l4M96Nj+nokjHbOSB/YHz+AIiNo0I=</latexit>
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Multi-scale seasonal factors

M0
<latexit sha1_base64="3X1dfOyN1nHewkx2VGmGr4zQkuY=">AAACHHicbVDLSsNAFJ3UV62vqksXBovgqiQi6LLoxo1QwT6gDWEyuW2HTh7M3IglZOlv+ANu9Q/ciVvBH/A7nKRdaOuBC4dzX4fjxYIrtKwvo7S0vLK6Vl6vbGxube9Ud/faKkokgxaLRCS7HlUgeAgt5CigG0uggSeg442v8n7nHqTiUXiHkxicgA5DPuCMopbc6mEf4QGLO6knEsjSfkBxxKhIbzLXytxqzapbBcxFYs9IjczQdKvffT9iSQAhMkGV6tlWjE5KJXImIKv0EwUxZWM6hJ6mIQ1AOWlhIDOPteKbg0jqCtEs1N8bKQ2UmgSensxdqvleLv7b81V+cO47Di6clIdxghCy6fNBIkyMzDwp0+cSGIqJJpRJrv2bbEQlZajzrOhg7PkYFkn7tG5rfntWa1zOIiqTA3JETohNzkmDXJMmaRFGHskzeSGvxpPxZrwbH9PRkjHb2Sd/YHz+AIVbo0A=</latexit><latexit sha1_base64="3X1dfOyN1nHewkx2VGmGr4zQkuY=">AAACHHicbVDLSsNAFJ3UV62vqksXBovgqiQi6LLoxo1QwT6gDWEyuW2HTh7M3IglZOlv+ANu9Q/ciVvBH/A7nKRdaOuBC4dzX4fjxYIrtKwvo7S0vLK6Vl6vbGxube9Ud/faKkokgxaLRCS7HlUgeAgt5CigG0uggSeg442v8n7nHqTiUXiHkxicgA5DPuCMopbc6mEf4QGLO6knEsjSfkBxxKhIbzLXytxqzapbBcxFYs9IjczQdKvffT9iSQAhMkGV6tlWjE5KJXImIKv0EwUxZWM6hJ6mIQ1AOWlhIDOPteKbg0jqCtEs1N8bKQ2UmgSensxdqvleLv7b81V+cO47Di6clIdxghCy6fNBIkyMzDwp0+cSGIqJJpRJrv2bbEQlZajzrOhg7PkYFkn7tG5rfntWa1zOIiqTA3JETohNzkmDXJMmaRFGHskzeSGvxpPxZrwbH9PRkjHb2Sd/YHz+AIVbo0A=</latexit><latexit sha1_base64="3X1dfOyN1nHewkx2VGmGr4zQkuY=">AAACHHicbVDLSsNAFJ3UV62vqksXBovgqiQi6LLoxo1QwT6gDWEyuW2HTh7M3IglZOlv+ANu9Q/ciVvBH/A7nKRdaOuBC4dzX4fjxYIrtKwvo7S0vLK6Vl6vbGxube9Ud/faKkokgxaLRCS7HlUgeAgt5CigG0uggSeg442v8n7nHqTiUXiHkxicgA5DPuCMopbc6mEf4QGLO6knEsjSfkBxxKhIbzLXytxqzapbBcxFYs9IjczQdKvffT9iSQAhMkGV6tlWjE5KJXImIKv0EwUxZWM6hJ6mIQ1AOWlhIDOPteKbg0jqCtEs1N8bKQ2UmgSensxdqvleLv7b81V+cO47Di6clIdxghCy6fNBIkyMzDwp0+cSGIqJJpRJrv2bbEQlZajzrOhg7PkYFkn7tG5rfntWa1zOIiqTA3JETohNzkmDXJMmaRFGHskzeSGvxpPxZrwbH9PRkjHb2Sd/YHz+AIVbo0A=</latexit><latexit sha1_base64="3X1dfOyN1nHewkx2VGmGr4zQkuY=">AAACHHicbVDLSsNAFJ3UV62vqksXBovgqiQi6LLoxo1QwT6gDWEyuW2HTh7M3IglZOlv+ANu9Q/ciVvBH/A7nKRdaOuBC4dzX4fjxYIrtKwvo7S0vLK6Vl6vbGxube9Ud/faKkokgxaLRCS7HlUgeAgt5CigG0uggSeg442v8n7nHqTiUXiHkxicgA5DPuCMopbc6mEf4QGLO6knEsjSfkBxxKhIbzLXytxqzapbBcxFYs9IjczQdKvffT9iSQAhMkGV6tlWjE5KJXImIKv0EwUxZWM6hJ6mIQ1AOWlhIDOPteKbg0jqCtEs1N8bKQ2UmgSensxdqvleLv7b81V+cO47Di6clIdxghCy6fNBIkyMzDwp0+cSGIqJJpRJrv2bbEQlZajzrOhg7PkYFkn7tG5rfntWa1zOIiqTA3JETohNzkmDXJMmaRFGHskzeSGvxpPxZrwbH9PRkjHb2Sd/YHz+AIVbo0A=</latexit>
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<latexit sha1_base64="3l3nr9jyh+VC8PYQfNbImuttWSM=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLoxo1QwT6gKWUyvWmHTh7M3IglZOlv+ANu9Q/ciVvBH/A7nLRZaOuBC4dzX4fjxYIrtO0vo7S0vLK6Vl6vbGxube+Yu3stFSWSQZNFIpIdjyoQPIQmchTQiSXQwBPQ9sZXeb99D1LxKLzDSQy9gA5D7nNGUUt989BFeMDpndQTCWSpG1AcMSrSm6zvZH2zatfsKaxF4hSkSgo0+ua3O4hYEkCITFCluo4dYy+lEjkTkFXcREFM2ZgOoatpSANQvXRqILOOtTKw/EjqCtGaqr83UhooNQk8PZm7VPO9XPy3N1D5wbnv6F/0Uh7GCULIZs/9RFgYWXlS1oBLYCgmmlAmufZvsRGVlKHOs6KDceZjWCSt05qj+e1ZtX5ZRFQmB+SInBCHnJM6uSYN0iSMPJJn8kJejSfjzXg3PmajJaPY2Sd/YHz+AIb0o0E=</latexit><latexit sha1_base64="3l3nr9jyh+VC8PYQfNbImuttWSM=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLoxo1QwT6gKWUyvWmHTh7M3IglZOlv+ANu9Q/ciVvBH/A7nLRZaOuBC4dzX4fjxYIrtO0vo7S0vLK6Vl6vbGxube+Yu3stFSWSQZNFIpIdjyoQPIQmchTQiSXQwBPQ9sZXeb99D1LxKLzDSQy9gA5D7nNGUUt989BFeMDpndQTCWSpG1AcMSrSm6zvZH2zatfsKaxF4hSkSgo0+ua3O4hYEkCITFCluo4dYy+lEjkTkFXcREFM2ZgOoatpSANQvXRqILOOtTKw/EjqCtGaqr83UhooNQk8PZm7VPO9XPy3N1D5wbnv6F/0Uh7GCULIZs/9RFgYWXlS1oBLYCgmmlAmufZvsRGVlKHOs6KDceZjWCSt05qj+e1ZtX5ZRFQmB+SInBCHnJM6uSYN0iSMPJJn8kJejSfjzXg3PmajJaPY2Sd/YHz+AIb0o0E=</latexit><latexit sha1_base64="3l3nr9jyh+VC8PYQfNbImuttWSM=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLoxo1QwT6gKWUyvWmHTh7M3IglZOlv+ANu9Q/ciVvBH/A7nLRZaOuBC4dzX4fjxYIrtO0vo7S0vLK6Vl6vbGxube+Yu3stFSWSQZNFIpIdjyoQPIQmchTQiSXQwBPQ9sZXeb99D1LxKLzDSQy9gA5D7nNGUUt989BFeMDpndQTCWSpG1AcMSrSm6zvZH2zatfsKaxF4hSkSgo0+ua3O4hYEkCITFCluo4dYy+lEjkTkFXcREFM2ZgOoatpSANQvXRqILOOtTKw/EjqCtGaqr83UhooNQk8PZm7VPO9XPy3N1D5wbnv6F/0Uh7GCULIZs/9RFgYWXlS1oBLYCgmmlAmufZvsRGVlKHOs6KDceZjWCSt05qj+e1ZtX5ZRFQmB+SInBCHnJM6uSYN0iSMPJJn8kJejSfjzXg3PmajJaPY2Sd/YHz+AIb0o0E=</latexit><latexit sha1_base64="3l3nr9jyh+VC8PYQfNbImuttWSM=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLoxo1QwT6gKWUyvWmHTh7M3IglZOlv+ANu9Q/ciVvBH/A7nLRZaOuBC4dzX4fjxYIrtO0vo7S0vLK6Vl6vbGxube+Yu3stFSWSQZNFIpIdjyoQPIQmchTQiSXQwBPQ9sZXeb99D1LxKLzDSQy9gA5D7nNGUUt989BFeMDpndQTCWSpG1AcMSrSm6zvZH2zatfsKaxF4hSkSgo0+ua3O4hYEkCITFCluo4dYy+lEjkTkFXcREFM2ZgOoatpSANQvXRqILOOtTKw/EjqCtGaqr83UhooNQk8PZm7VPO9XPy3N1D5wbnv6F/0Uh7GCULIZs/9RFgYWXlS1oBLYCgmmlAmufZvsRGVlKHOs6KDceZjWCSt05qj+e1ZtX5ZRFQmB+SInBCHnJM6uSYN0iSMPJJn8kJejSfjzXg3PmajJaPY2Sd/YHz+AIb0o0E=</latexit>
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Multi-scale seasonal coefficients
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Sales Transactions

Dynamic models for 
transactions/sales time series

Daily transactions Sales-per-transaction
Item Mean Median Variance Mean Median % < 5
A 19.75 18 101.15 1.44 1 99.0
B 4.66 3 18.70 1.53 1 98.4

<latexit sha1_base64="hIEQNK2XKrhVbplYq3znODWf6fQ="></latexit>
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Dynamic models for 
transactions/sales time series
❖ Daily transactions: 

❖ Multi-scale DCMM
❖ Reduced random effect impact

❖ Sales-per-transaction: 
❖ Dynamic binary cascade model (DBCM)

❖ Number of units sold per transaction
❖ Sequence of conditional probabilities (‘cascade’)

❖ “Given a customer buys >1 unit, what’s the probability 
they buy >2 units”

❖ Customized to item
❖ Admits “rare” events — e.g. 100 units/transaction



18

●

●

●
● ●

● ●
●

● ●
● ● ●

●

2 4 6 8 10 12 140.
70

0.
72

0.
74

0.
76

Forecast horizon

W
AP

E

●

●
● ● ●

●
●

● ● ● ● ●
●

●

●

●

●
● ●

●

●
●

● ●
● ● ●

●

● ●

●
● ●

●
●

● ● ● ● ●
●

●

●

●

●

●

Joint (−1)−med
Mean
Median
(−1)−med

●
●

● ● ●
●

●

●

●
●

●
●

●
●

2 4 6 8 10 12 14

0.
44

0.
46

0.
48

Forecast horizon

W
AP

E

●

●
●

● ●
●

●

●

●
● ●

●

●

●

●
●

●
● ● ●

●

●

●
●

●
●

●
●

●

●
●

● ● ●
●

●

●

● ●

●

●

●

●

●

●

●

Joint (−1)−med
Mean
Median
(−1)−med

●

●
● ● ●

● ●
●

●

● ●
● ●

●

2 4 6 8 10 12 140.
28

0
0.

29
0

Forecast horizon

W
AP

E

●

● ● ●
●

● ●
●

●

●
●

●
● ●

●

● ● ● ●

● ● ●

●

● ●
●

●
●

●

●

●
● ●

● ● ●

●

●

●

●

●

●

●

●

●

●

Joint (−1)−med
Mean
Median
(−1)−med

DBCM multi-item comparison

Low-sellers Mid-sellers
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Mean:  
represents “industry 

standard”

• 3 supermarkets, 32 UPCs = 96 store-UPC series

• Models trained for 365 days, forecast 1:14 days ahead for next 332 days

• Weighted Absolute Percent Error (WAPE) by demand group



Additional Resources: 
• Berry, L. and West, M. (2019), “Bayesian forecasting of many 

count-valued time series,” Journal of Business & Economic 
Statistics.


• Berry, L., Helman, P., and West, M. (2020), “Probabilistic 
forecasting of heterogeneous consumer transaction-sales 
time series,” International Journal of Forecasting.


• PyBATS: Python package for Bayesian Analysis of Time 
Series by Isaac Lavine, Andrew Cron


• Code: https://github.com/lavinei/pybats


• Documentation: https://lavinei.github.io/pybats/ 
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https://github.com/lavinei/pybats
https://github.com/lavinei/pybats
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